We focus on the HR of massive vector (spin-1) particles tunneling from Schwarzschild BH expressed in the Kruskal-Szekeres (KS) and dynamic Lemaitre (DL) coordinates. Using the Proca equation (PE) together with the Hamilton-Jacobi (HJ) and the WKB methods, we show that the tunneling rate, and its consequence Hawking temperature are well recovered by the quantum tunneling of the massive vector particles.
II. QUANTUM TUNNELING OF MASSIVE VECTOR PARTICLES FROM SCHWARZSCHILD BH IN KS COORDINATES
The well-known Schwarzschild solution is in general described by the coordinates t and r as follows
where g tt = (1 − 2M/r), g rr = −(1 − 2M/r) −1 , g θθ = −r 2 , and g ϕϕ = −r 2 sin 2 θ. Herein, there is an event horizon at r = 2M , so that g rr blows up. On the other side when r < 2M , the g tt and g rr exchange their signatures, however the signatures of g θθ and g ϕϕ are not affected. Hence, r becomes "timelike" and t becomes "spacelike" inside the event horizon. One could clear up this "coordinate singularity" problem by introducing the KS coordinates [42, 43] :
where B = sin(θ) and the metric function A is given by
Metric (2) covers the entire spacetime manifold of the maximally extended Schwarzschild solution, and it is wellbehaved everywhere outside the physical singularity (r = 0). The event horizon in the KS coordinates corresponds to τ = ± R, and the curvature singularity is located at τ 2 − R 2 = 1. Furthermore, in this coordinate system the Killing vector becomes
The particle energy of a test particle is given by (in terms of the action S) [45, 46] 
On the other hand, for a curved spacetime, the PE is governed by [26] 1
where Ψ ν = (Ψ 0, Ψ 1, Ψ 2, Ψ 3 ) and m represent the spinor fields [26, 27, 39] and mass of the spin-1 particle, respectively, and
Using metric (1) in Eq. (6) , we obtain the following set of differential equations:
Applying the WKB approximation [39] :
and taking the lowest order of , Eqs. (8-11) become
Now, one can obtain a matrix equation Z (c 0 , c 1 , c 2 , c 3 ) T = 0 [26, 27] (the superscript T means the transition to the transposed vector, and Z represents a 4 × 4 matrix) with the following non-zero elements:
Let us consider the following HJ solution for the action:
where j denotes the angular momentum of the massive vector particle. Thus, the determinant of Z-matrix yields
The nontrivial solution for ∂ R Q is obtained by the condition of "det Z = 0" [26] . Hence, after substituting
where + (−) corresponds to the outgoing (incoming) massive vector particles. The definite integration of Q is given by
Using the identity (21) can be rewritten as
It is obvious that the second term is real in Eq. (22) . However, after inserting Eq. (20) into Eq. (22), we see that the imaginary contribution to the action comes only from the first term since it has pole at the horizon. Thus, the complex path integration method [15, 16] for the pole located at the horizon (R = τ ) yields
Therefore, the probabilities of the ingoing/outgoing massive vector particles become
It is worth noting that the above results are in full agreement with the semiclassical QTM [17] , which expects a 100% chance for the ingoing particles to enter the BH, i.e., Γ absorption = 1, and thereupon computes the probability of the outgoing (tunneling) particles, Γ emission .
The tunneling rate is then computed by
Now, recalling the Boltzmann factor (see for example [17] ), Γ = e −βE = e −8πME , where β is the inverse temperature we can recover the original Hawking temperature of Schwarzchild BH:
III. QUANTUM TUNNELING OF MASSIVE VECTOR PARTICLES FROM SCHWARZCHILD BH IN DL COORDINATES
In 1933, Georges Lemaitre [44] found a coordinate system τ ,R, θ, ϕ that removes the coordinate singularity at the Schwarzchild BH is given by
where
.
The event horizon in the DL coordinates corresponds to F = 1 orR = 4M 3 +τ . Furthermore, the Killing vector reads
and it leads to the following particle energy [46] :
In this coordinate system, PEs (6) with the ansätz (12) are given by
Now, one can read the non-zero elements of the coefficient matrix ℵ (c 0 , c 1 , c 2 , c 3 ) T = 0 (ℵ is another 4 × 4 matrix) as follows
Inserting the following ansätz for S 0
into Eq. (37), and subsequently using the energy condition (32), namely:
we get solutions for ∂R Q from detℵ = 0:
as follows
Using the energy expression (39) in the definite integration of Q :
we obtain
where dF = (43) has a pole at the horizon (F = 1), and evaluating it around the pole yields
and trivially
The above results are fully consistent with Eqs. (23) and (24) . Consequently, they admit the same tunneling rate given in Eq. (27) . In short, using the quantum tunneling of the massive vector particles in the DL coordinate system, we have managed to rederive the Hawking temperature (T H = 1 8πM ) of the Schwarzchild BH.
